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or

with

ET

a sin40 + 6 sin220

1a = Ei/Ezy and 6 = -(Ei/Gu — 2*>i2)

Equation (8) may be written as

— - (1 + a - 46) cos40 + (46 - 2a) cos20 H

(8)

(9)

(10)

Differentiating #!/#* with respect to 0, and setting d(Ei/
Ex)/d6 to zero, we have

dO = —4(1 + a — 6) cos 0 sin0 —

2(46 - 2a) sin0cos0 = 0 (11)

= sin0 cos0[4(46 - a - 1) cos20 -
2(46 - 2o)] = 0 (12)

Equation (12) indicates that there are relative maximum
and minimum values of Ei/Ex at 0 = w/2 and 0 = 0, which
are obvious. In addition there may exist an absolute maxi-
mum or minimum value of Ei/Ex at

0 = cos-1 [(26 - a)/(46 - o — 1)]1/2 (13)
For 0 < 6 < 7T/2, either of the following conditions must be

met

or
46 — a — 1 > 26 - a > 0

4 6 - a - l < 2 6 - a < 0

(14)

(15)
If we substitute Eq. (9) back into the inequalities (14) and

(15), we have the following criteria:

£12 < 2(E1/E2
or (?i2 >

2(1 + (16)

It is interesting to note that inequalities (16) bear some
imilarity to the well-known G = E/[2(l + v)] for isotropic

*materials. It can be further proved that if ft2 < Ei/[2.(Ei/
Ez + viz) ], an absolute minimum value Ex which is less than
E2 exists, on the other hand if G12 > Ei/[2(l + *>i2)], an
absolute maximum value of Ex which is greater than EI ex-
ists. If Giz is within the range of Ei/[2(Ei/Ez + vu)] and
Ei/[2(l + j/12)], then EI and E2 represent the absolute maxi-
mum and minimum values of Young's modulus of the ortho-
tropic material.

The composite material described in the beginning of this
note has a shear modulus, Gw > Ei/[2(l + viz)], therefore, an
absolute maximum value of Ex exists. Further examples
were also found in the literature. In Ref. 2 the example
shows the material of which the shear modulus falls between
#!/[2(l + i^O] and J0i/[2(JVJZ2 + ?«)]; Fig. 1.5 (p. 10) indi-
cates that EI and E% are the absolute maximum and minimum
values of Ex. In Ref. 3, the figure (p. 57) shows the variation
of Ex vs 6 of a boron-epoxy lamina, and indicates the ex-
istence of an absolute minimum value less than E2. Even
though the elastic moduli of the material were not given in
that reference, it is conceivable that for a single lamina of
boron composite the shear modulus ft2 is very low, and conse-
quently Gn < EI/ [2(Ei/E2 + pu) ] is satisfied.

In Ref. 4 in which anisotropic strength of composites was
investigated, it was reported that a minimum normal strength
exists between 6 = 0 and v/2 when T2 « X2 and Y > (2T)1/2.
This phenomenon is similar to the variation of Young's
modulus with respect to 6 as reported in the present note. It

is also noteworthy that there may exist an absolute maximum
normal strength between 0 = 0 and ir/2 when T > X, and
this happens when the composite material is laminated in
such a way that the shear strength is greater than the normal
strength in the major principal direction.
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Introduction

KINETIC and mechanistic studies of combustion reactions
are sometimes helpful in locating important steps which

govern the combustion processes. A correct knowledge of
the combustion mechanism can suggest various possible
modifications which could be made in order to improve the
performance of a particular system. Very few such studies
have been carried out1-5. Rastogi and co-workers have
intensively studied the kinetics and mechanism of the ani-
line and RFNA system1"3'5. The mechanistic study shows
that both oxidation and nitration of aniline take place during
combustion. Thus the combustion of aniline can be facilitated
either by accelerating the oxidation route or the nitration
route or both. The present studies were undertaken to
discover new systems which could enhance the ignition pro-
cess. The (RFNA + 862)/aniline system was investigated
since the oxidizer system promotes quicker nitration6.

Experimental

Preparation of oxidizer
The oxidizer system was prepared by bubbling S02 gas

into RFNA kept in an ice bath for approximately 5-6 hours.
The density of (RFNA + S02) mixture and RFNA was
1.6877 and 1.4032 respectively at 20°C. Aniline was purified
by twice distilling it over zinc dust with the aid of a fractionat-
ing column.

Measurement of ignition delay
Ignition delay for the new system was measured by the

oscilloscope method described earlier.7 The results are given
in Table 1. The uncertainty in the measurement was of the
order of ±.05 sec. However, the ignition delay for RFNA-
aniline system was measured by cup-test method.

Table 1 gives the ignition delay of combustion of aniline
with (RFNA + S02) for various values of oxidizer-fuel ratio.
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Table 1 Ignition delay data of RFNA-aniline and
(RFNA + SO2)-aniline systems

Temperature = 20 ± 2°C
Ignition delay, sec

Mixture ratio, O/F

0.50
0.84
1.00
1.34
1.67
2.67
3.34

RFNA-aniline

No ignition
No ignition
No ignition

20.9
8.0
4.8
6.6

(RFNA + SO«)-
aniline

1.00
0.60
0.20
0.15
0.05
0.05
0.10

It is obvious that ignition delay of this system is considerably
reduced with respect to RFNA aniline.

(RFNA + S02) may not be good as an oxidizer since it
contains sulphur which is likely to increase the average molec-
ular weight of the combustion products and consequently
it may reduce the efficiency of the propellant system, but it
would certainly be very useful as oxidizer for auxiliary igni-
tion.8

References
1 Rastogi, R. P., Girdhar, H. L., and Munjal, N. L., 'Ignition

Catalysts for Rocket Propellants with Red-Fuming Nitric Acid
as Oxidant," AR8 Journal, Vol. 32, No. 6, June 1962, pp. 952.

2 Rastogi, R. P., Girdhar, H. L , and Munjal, N. L., "Chemical
Reaction Leading to Ignition of Aromatic Amines-Red Fuming
Nitric Acid Propellant," Indian Journal of Chemistry, Vol. 2, No.
8, Aug. 1964, pp. 301-307.

3 Rastogi, R. P. and Munjal, N. L., "Mechanism and
Kinetics of Preignition Reactions: Part I Aniline-Red Fuming
Nitric Acid Propellant," Indian Journal of Chemistry, Vol. 4, No.
11, Nov. 1966, pp. 463-468.

4 Rastogi, R. P. and Kishore, K., "Mechanism of Combustion
of Liquid Rocket Propellants: Aliphatic Alcohols and Mixed
Acid," AIAA Journal, Vol. 4, No. 6, June 1966, pp. 1083-1085.

5 Kishore, K. and Upadhyaya, S. N., "Kinetics and Mechanism
of Reaction Between Aniline and Red-Fuming Nitric Acid:
Part II," Journal of the Indian Chemical Society, Vol. 47, No. 8,
Aug. 1970, pp. 727-736.

6 Urbanski, T., Chemistry and Technology of Explosives, Vol. I,
Pergamon Press, New York, 1964, pp. 41.

7 Rastogi, R. P. and Kishore, K., "Combustion of Non-hyper-
golic Propellants in Presence of Potassium Permanganate," In-
dian Journal of Chemistry, Vol. 6, No. 11, Nov. 1968, pp. 654-656.

8 Sutton, G. P., "Rocket Propulsion Elements," 3rd Printing,
Wiley, New York, 1965, pp. 252.

Nonorthogonal Coordinates

R. C. K. LEE*
University of Calif

Irvine, Calif.

1.0 Introduction

L
VECTOR as defined in classical mechanics is a special
quantity which has a magnitude and a direction

+ +
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where IA, JA, &A and IB, JB, kB are base vectors associated with
coordinate frames A and B respectively. XIA, XZA, XSA and
XIB, XZB, XSB are coefficients of the vector x associated with
each of the base vectors.

A dyadic is a special quantity having a magnitude and two
associated directions defined as follows: 7 = lull + Ii&j +

A matrix is an array of elements arranged in some syste-
matic manner. The theory of matrices are simply rules
established for the mathematical operation of these large'
arrays. In classical mechanics, one often has to deal with
large sets of vector equations. It will be advantageous to
apply matrix theory to facilitate rapid and systematic manip-
ulation of these equations. Thus far, most of the application
of matrix techniques involved the transformation of all vector
and dyadics into one basic coordinate frame so that their
numerical values commune. In what follows, slight modifica-
tions and additions are made to the basic matrix theory to
ease its application in handling vector equations in classical
mechanics. Specifically, we shall introduce matrices whose
elements are basis vectors. To prevent confusion, a column
or row array of elements will be referred to in this paper as
column and row matrices. The word vector is reserved ex-
clusively for the notation of a quantity having a magnitude
and a direction.

2.0 Basic Definitions and Notation

2.1 Notations
All lower case letters with a bar are used to denote Euclidean

vectors, defined on a three dimensional Euclidean Vector
Space. Lower case letters with no bar denote scalars.
Parentheses are used to denote a 3 X 1 matrix array.

This symbol (BA) is used to denote a set of three base vectors
of coordinate system A, namely,

Brackets are used to denote a square matrix. The tilde
matrix [c] is the 3 X 3 skew-symmetric matrix associated with
a particular 3 X 1 row matrix (c)T = (ci,c2,c3) defined as
follows.

0 — C

— £2
0 — Ci

Ci 0
(12)

2.2 Special definitions

2.2.1 Matrix representation of a vector. Every vector x of
a three dimensional vector space can be expressed in terms of
a Base Vector Matrix (CA), and a Component Matrix, (XA),
in the form given by Eq. 2.3 as follows :

= (*A)*(XA) =
= XiABiA + + (2.3)

It is seen that Eq. 2.3 is consistent with the Cartesian repre-
sentation of a vector.
2.2.2 Matrix representation of a dyadic

= (2.4)

Every dyadic can be represented in terms of a Component
Matrix, [7^], and a set of base vectors in a form given by Eq.
2.4. The component matrix [IA] = [I a A} is the 3 X 3 matrix
formed from the nine components of 7 with respect to

2.3 Fundamental Operations
Two fundamental mathematical operations with the base

vector matrices are defined below. These two fundamental
operations are the basis for formalizing all algebraic opera-
tions with vectors and dyadics.


